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Quantum optics dictates that amplification of a pure state by any linear deterministic amplifier al-
ways introduces noise in the signal and results in a mixed output state. However, it has recently been
shown that noiseless amplification becomes possible if the requirement of a deterministic operation
is relaxed. Here we propose and analyze a noiseless amplification scheme where the energy required
to amplify the signal originates from the stochastic fluctuations in the field itself. In contrast to
previous amplification setups, our setup shows that a signal can be amplified even if no energy is
added to the signal from external sources. We investigate the relation between the amplification and
its success rate as well as the statistics of the output states after successful and failed amplification
processes. Furthermore, we also optimize the setup to find the maximum success rates in terms of
the reflectivities of the beam splitters used in the setup and discuss the relation of our setup with
the previous setups.
I. INTRODUCTION
Any conventional amplification process unavoidably
introduces quantum noise into the signal [1]. However,
this can be circumvented by implementing the amplifica-
tion nondeterministically so that an amplified noiseless
output signal occurs randomly [2–5]. Noiseless amplifi-
cation schemes generally rely on applying quantum oper-
ations, such as a sequence of single-photon addition and
subtraction, to the optical field [6–8]. In an experimen-
tal implementation, the addition and subtraction of pho-
tons is typically performed by using single-photon light
sources, beam splitters, and photodetectors [2–5], thus
leading to nondeterministic amplification. The noiseless
high-fidelity amplification schemes are expected to be-
come an essential tool for quantum communications and
metrology, by recovering information transmitted over
lossy channels or by enhancing the discrimination be-
tween partially overlapping quantum states [2, 9].
In this paper, we propose and analyze a noiseless am-
plification scheme where, in contrast to previous works
[2–4], the energy required to amplify the signal does not
originate from an external energy source (i.e., a single-
photon source) but from the stochastic fluctuations in
the field itself. More concretely, the signal is amplified
even if no external energy is added to it. The proposed
scheme consists of devices that are frequently used in ex-
periments. Furthermore, as one of the key challenges in
nondeterministic quantum optical amplification of light
is the small success rate, we also consider improving the
success probability. We start by a short summary of the
basic principles of noiseless amplification and the related
figures of merit. This is followed by describing the pro-
posed amplification setup and calculations.
II. AMPLIFICATION SCHEME
The proposed amplification scheme, illustrated in
Fig. 1, utilizes the energy fluctuations of the initial field
to replace the single-photon source that would otherwise
be needed as in the scheme suggested by Zavatta et al.
[2]. In our scheme, a similar action is obtained by a
configuration where the successful subtraction of a single
photon from the initial field by a beam splitter is veri-
fied by a quantum nondemolition (QND) measurement
[10–15], which is followed by adding the photon back to
the field by the second beam splitter if no photons are
detected at photodetector PD1. Finally, another photon
is subtracted from the field at the third beam splitter, if
photodetector PD2 detects a photon. The final output
state resulting from these events is an amplified coherent
state with high fidelity when the QND, PD1, and PD2
detectors detect 1, 0, and 1 photons, respectively.
The action of an ideal noiseless amplifier for coherent
states can be described as |α〉 → |gα〉, where |α〉 is the
initial coherent field, |gα〉 is the amplified field, and g
is the gain of amplification. This operation cannot be
implemented by deterministic amplifiers, but it can be
approximated probabilistically. It has been shown that
the operator Gˆ = aˆaˆ†, where aˆ and aˆ† are the annihi-
lation and creation operators of the field, approximates
the action of amplification for weak coherent fields with
nominal gain g = 2 [16]. The scheme suggested by Za-
vatta et al. [2] is based on this. The same outcome is
also obtained by an operator Gˆ ′ = aˆaˆ†aˆ implemented by
the setup used in this paper because the input field |α〉
is an eigenstate of aˆ.
A. Output field of the amplifier
The output fields of our setup have been calculated us-
ing the standardWigner function formalism. The Wigner
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FIG. 1. (Color online) Schematic illustration of the noiseless
amplification of a weak coherent field. First, a single photon
is subtracted from the field, then added back to the field, and
finally again subtracted from the field. This sequence is also
described by the operator aˆaˆ†aˆ.
function of the initial coherent field |α〉 is [17]
Wcoh(x, p) =
1
pi~
exp
[
−(κx−
√
2Reα)2−
( p
~κ
−
√
2Imα
)2 ]
,
(1)
where x and p are position and momentum quadratures
of the field, α is a complex variable defining the coher-
ent field amplitude, κ is the spring constant of the field
oscillator, and ~ is the reduced Planck constant. When
plotting the Wigner functions, it is conventional to set
~ = κ = 1 [17].
The entangled Wigner function WBS emerging as a re-
sult from fields Wfield1 and Wfield2 interfering on a beam
splitter is given by [18, 19]
WBS(x1, p1, x2, p2) = Wfield1(tx1 + rx2, tp1 + rp2)
×Wfield2(tx2 − rx1, tp2 − rp1),
(2)
where x1, p1, x2, and p2 are the position and momentum
quadratures of the transmitted and reflected fields and
the beam splitter reflection and transmission coefficients
r and t obey the relation r2 + t2 = 1. In our notation
Wfield1 is the field incident to the beam splitter from the
left and transmitted field quadratures refer to the field
emerging from the beam splitter to the right in Fig. 1.
The probability of detecting n photons on the reflected
field (the field that emerges from the beam splitter and
travels vertically in Fig. 1) can be expressed as
P (n) = 2pi~
∫
WBS(x1, p1, x2, p2)
×Wn(x2, p2) dx1 dp1 dx2 dp2, (3)
where Wn is the Wigner function of the n-photon Fock
state |n〉, to which the reflected field collapses after the
detection, and is expressed as [17]
Wn(x, p) =
(−1)n
pi~
exp
[
− (κx)2 −
( p
~κ
)2 ]
× Ln
[
2(κx)2 + 2
( p
~κ
)2 ]
, (4)
where Ln(x) denotes a Laguerre polynomial of degree
n. After detecting n photons on the reflected field, the
transmitted field collapses to
WT(x1, p1) =
2pi~
P (n)
∫
WBS(x1, p1, x2, p2)
×Wn(x2, p2) dx2 dp2. (5)
The collapsed transmitted field is then used as the in-
put for the second beam splitter. Despite the physical
difference between the QND and PD, their effect on the
transmitted field is exactly the same, and to calculate the
final output of the setup Eqs. (2)–(5) are applied for the
remaining two beam splitters as described in more detail
below. For simplicity, we have made the usual assump-
tion that the photodetectors PD1 and PD2 are ideal. The
same assumption is also made for the QND since mea-
surements made with QND detectors have been reported
to yield single-photon Fock states with good accuracy
[10–15].
The details of the analysis of how the state is propa-
gated through the setup resulting in the conditional state
of interest are as follows. In the first beam splitter, the
initial coherent field |α〉 in Eq. (1) is mixed with a vacuum
state |0〉 [a zero-photon Fock state n = 0 in Eq. (4)] us-
ing Eq. (2). Then, one photon is measured by the QND
detector. The probability for this and the transmitted
field are given by Eqs. (3) and (5) with n = 1. In the
second beam splitter, the transmitted field is mixed with
a single-photon Fock state using Eq. (2) since a photon
coming from the QND detector is added to the field. No
photons are measured by photodetector PD1. The prob-
ability for this and the transmitted field are given by
Eqs. (3) and (5) with n = 0. In the third beam splitter,
a photon is subtracted from the field. This is performed
by mixing the field with a vacuum state using Eq. (2)
and using Eqs. (3) and (5) with n = 1 for calculating
the probability and the transmitted field that is the final
output state of the setup. The total probability for this
successfully amplified output state Psucc is the product of
the mentioned three photon detection probabilities given
by
Psucc = (1+|t1t2t3α|2(3+|t1t2t3α|2))|r1r2r3α|2e|t1t2t3α|
2−|α|2 ,
(6)
where ri and ti, i = 1, 2, 3, are reflectivities and trans-
mittivities of the beam splitters in the setup obeying
r2i + t
2
i = 1.
B. Effective gain and fidelity of the amplified state
In the calculations depending on the parameters of the
setup, effective gain values different from the nominal
gain of 2 can be found. The effective gain can be defined
as the ratio of the expectation values of the annihilation
operator aˆ for the output and input fields [2]
geff =
|〈aˆout〉|
|〈aˆin〉| , (7)
3which corresponds to the effective amplification of the
electric-field amplitude. In the Wigner function formal-
ism, the expectation value of the annihilation operator
can be calculated using the operator correspondence re-
lation as [20]
〈aˆ〉 =
∫ [
κ√
2
(
x+
i~
2
∂
∂p
)
+
i√
2~κ
(
p− i~
2
∂
∂x
)]
×W (x, p) dx dp. (8)
The calculations produce the following expression for the
effective gain:
geff =
t1t2t3(2 + 4|t1t2t3α|2 + |t1t2t3α|4)
1 + 3|t1t2t3α|2 + |t1t2t3α|4 . (9)
It is also useful to quantify how much the output state
differs from an ideally amplified coherent state. A prac-
tical measure for this purpose is the fidelity F , which is
the overlap between the states calculated using Wigner
functions W1 and W2 of the compared fields [21]
F (W1,W2) = 2pi~
∫
W1(x, p)W2(x, p) dx dp. (10)
The fidelity obtained for the successfully amplified field
with respect to a coherent field |geffα〉 is
Feff =
(1 + 2gefft1t2t3|α|2 + g2efft21t22t23|α|4)e−(g
2
eff
−t1t2t3)
2|α|2
1 + 3|t1t2t3α|2 + |t1t2t3α|4 .
(11)
The effective gain, fidelity, and Wigner functions of
successfully amplified fields are presented in Fig. 2. In
Fig. 2(a) the effective gain is very close to the nomi-
nal gain value g = 2 for small values of |α| and r. As
the input field amplitude or the beam splitter reflectiv-
ity increases, the gain decreases. Increasing the input
field amplitude results in the reduction of the effective
fidelity Feff as shown in Fig. 2(b), where the fidelity is
calculated with respect to a coherent field |geffα〉. How-
ever, the reduction of fidelity can be partly compensated
by increasing the beam splitter reflectivity. Figure 2(c)
shows the fidelity calculated with respect to an ideal max-
imally amplified coherent field |2α〉 for comparison with
the results obtained by Zavatta et al. [2] for the setup,
including a specific single-photon source. The values for
this ideal fidelity Fideal decrease faster than the effective
fidelities Feff in Fig. 2(b) due to the reduction in geff for
stronger input fields. Thus Feff is a better measure for
the quality of the resulting output field. One can also see
that Fideal decreases when the beam splitter reflectivity
increases while the opposite is true for Feff . This is also
due to the reduction in the effective gain. The contour
plots in Fig. 2(d) demonstrate how the Wigner function
deforms in the amplification. For small initial field am-
plitudes, the output field is very close to a pure coherent
field, but it increasingly deviates from a coherent state
when the initial field amplitude increases.
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FIG. 2. (Color online) (a) Effective gain as a function of
the input field amplitude for three different beam splitter re-
flectivities and for the analytic low reflectivity approximation
used by Zavatta et al. [2]. (b) The effective fidelity calcu-
lated with respect to a coherent field |geffα〉. (c) The fidelity
calculated with respect to an ideally amplified field |2α〉 for
comparison with the results obtained by Zavatta et al. [2].
(d) The contour plots of the Wigner functions for three am-
plified coherent fields with different input amplitudes when
the beam splitter reflectivity is r = 0.4.
C. Optimizing the scheme
Next we investigate how to optimize the probability
of successful amplification while maintaining a given ef-
fective gain. The optimization problem for maximizing
the probability of successful amplification [Eq. (6)] with a
constraint requiring the effective gain [Eq. (9)] exceeding
a threshold value geff,0 can be presented as
max
geff≥geff,0
Psucc(|α|, r1, r2, r3). (12)
Here, |α| is the input field amplitude and the beam split-
ter reflectivities are r1, r2, and r3. The four-dimensional
nonlinear optimization problem in Eq. (12) was solved
using a barrier function method [22]. For a certain geff,0,
one finds a single maximum Popt with an optimal in-
put field amplitude |α|opt and beam splitter reflectivi-
ties r1,opt, r2,opt, and r3,opt. The optimization problem
was solved multiple times changing the minimum effec-
tive gain parameter geff,0. It was found that at the op-
timum all the beam splitter reflectivities have the same
value ri,opt = ropt, i = 1, 2, 3.
Figure 3 shows how the optimized probability of suc-
cessful amplification Popt, the input field amplitude
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FIG. 3. (Color online) Probability of successful amplification
was maximized in an effective gain constrained optimization
problem. The optimal (a) probability of successful amplifica-
tion Popt, (b) the input field amplitude |α|opt, (c) the beam
splitter reflectivity ropt, and (d) the output field fidelity Fopt
are plotted as a function of the required minimum effective
gain parameter geff,0.
|α|opt, the beam splitter reflectivity ropt, and the fidelity
of the successfully amplified state Fopt evolve as a func-
tion of the minimum effective gain parameter geff,0. The
probability of successful amplification in Fig. 3(a) de-
creases exponentially when the effective gain increases.
For instance, if one wants to have an effective gain of 1.4,
the maximum success probability of 10−3 is achievable
with |α|opt = 0.51 and ropt = 0.38. For comparison, Fer-
reyrol et al. [3, 4] reported success rates of order 10−2 for
a conventional scheme based on quantum scissors [23].
However, their scheme required a single photon source
whose effect is not included in the reported success rates.
Thus the obtained values can not be directly compared.
In Fig. 3(b) one sees that for useful values of geff,0 the
optimal input field amplitude is limited to |α|opt < 1.
The optimal beam splitter reflectivity in Fig. 3(c) has a
maximum ropt = 0.42 at the effective gain geff,0 = 1.18
and it approaches zero when the required effective gain
approaches 2. The fidelity curve in Fig. 3(d) has a min-
imum Fopt = 0.982 at geff,0 = 1.08. In the nominal gain
limit, the fidelity approaches unity.
D. Failed amplification
So far, we have only discussed the case of successful
amplification. For completeness, we next analyze the
other possible output states. If the initial field is weak
and the beam splitter reflectivities are <0.5, the proba-
bility that any of the photodetectors detects more than
one photon is typically <10−2. This probability is not
completely negligible but since it is still small and the
occurrence of these processes can be detected, we can fo-
cus on the processes where only at most one photon is
detected at a time. These single photon processes and the
TABLE I. Photon detection measurement outcomes, ampli-
tude expectation values |〈aˆ〉|, degradations of fidelities 1−Feff ,
and probabilities P for possible single-photon process output
states of the amplification setup with geff = 1.4. The initial
field is a coherent field with |α| = 0.5 and the reflectivity of
the beam splitters is r = 0.4. Successful amplification corre-
sponds to the first state.
Measurements
State QND PD1 PD2 |〈aˆ〉| 1− Feff P
1 1 0 1 0.686 4.84 × 10−3 1.36× 10−3
2 1 0 0 0.720 0.362 5.58× 10−3
3 1 1 1 0.292 3.79 × 10−5 5.27× 10−4
4 1 1 0 0.310 1.60 × 10−5 2.88× 10−2
5 0 1 1 0.385 0 8.57× 10−4
6 0 1 0 0.385 0 3.03× 10−2
7 0 0 1 0.385 0 2.55× 10−2
8 0 0 0 0.385 0 0.903
other 3.84× 10−3
corresponding eight possible output states are described
in Table I. The output states can be experimentally iden-
tified by photon detection measurement outcomes. The
first state is the successfully amplified field and the last
row shows the probability that more than one photon is
detected by some of the photodetectors.
The fidelities in Table I clearly show that states from
5 to 8 are exactly coherent. This can be understood by
considering what happens if the first photon subtraction
fails. In this case, the output from the first beam splitter
can be shown to be |tα〉, which is a perfectly coherent
field. This further means that at beam splitters 2 and 3,
only single-photon subtraction or no photon subtraction
can take place. Both operations result in coherent fields,
albeit with reduced amplitude. This is because the pho-
ton subtractions only decrease the amplitude and keep
the state coherent since coherent states are eigenstates
of the annihilation operator [7, 24]. The states 3 and 4
are not exactly coherent since, in these cases, the input
field arriving to the second beam splitter from the QND
device is a single-photon Fock state producing superpo-
sition states at the output.
The amplitude expectation values in Table I showed
that the amplitude of the coherent output states 5–8
|〈aˆ〉| = 0.385 is clearly smaller than the amplitude of
the initial field |α| = 0.5. This follows from the relatively
large reflectivity of r = 0.4. For a smaller reflectivity of
r = 0.1, the amplitude expectation value for the exactly
coherent output states is |〈aˆ〉| = 0.493, which is much
closer to the initial field amplitude. Since this output is
also the most probable output and, in the case of small
reflectivities, it is a nearly unchanged coherent state one
could also try to repeat the amplification process in or-
der to increase the probability of successful amplification.
5However, experimental realization of the repeated ampli-
fication setup would be challenging.
III. CONCLUSIONS
In conclusion, we have studied noiseless amplification
of coherent signals in a setup where all the energy added
to the amplified signal originates from the fluctuations
in the quantum field in a purely stochastic manner, i.e.,
the field is amplified even when no additional energy is
added to the field from external sources in contrast to the
previously reported noiseless amplifiers. We have shown
that the probability of successful amplification can be
maximized by finding optimal values for the beam split-
ter reflectivities depending on the desired effective gain.
Our results show that the purely stochastic amplifica-
tion scheme can amplify weak coherent fields with very
good fidelities much like the conventional stochastic am-
plification setups relying on single-photon sources. Most
importantly, however, all parts of our setup have been
experimentally demonstrated so that the proposed am-
plification scheme is experimentally feasible and may al-
low experimentally demonstrating noiseless amplification
that requires no external energy.
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